The covariant action of superstring recently discovered by Green and Schwarz is studied in the canonical formalism for the constrained Hamiltonian dynamics by Dirac. There appear both the first and the second class constraints. The former generate the local supersymmetry transformations and satisfy the closed graded algebra. The latter are used to eliminate the redundant variables by defining the Dirac Bracket. By distinguishing these classes of constraints the singular property of the fermionic variables can be avoided. Although the classical Dirac bracket is well defined, there remain some difficulties for the covariant quantization in the conformal gauge. In the light cone gauge all the constraints tum out to belong to the, second class and Dirac's prescription reproduces the result of the light cone formulation of superstring developed by Green and Schwarz. § 1. Introduction
One of the first notion of the supersymmetry was discovered in the string models by Ramond 1) and Neveu and Schwarz. 2) The theory of superstring has been developed by Green and Schwarz.3) They constructed superstring action invariant under the global super Poincare transformations in 10 dimensions, using the independent variables on the light cone plane.
The advantage of the light cone gauge has been stressed 4 ) in the geometrical string modeP) and also in Refs. 1) and 2). In these models the Hamiltonians are diagonalized and the systems are described completely in terms of the unconstrain~d variables in the light cone gauge. The generators of the Poincare transformations in the gauge can be obtained straightforwardly from those of the covariant form. Therefore, the Poincare invariance is guaranteed in the classical theories. However, in quantum theories, the algebra must be re-examined due to the lack of the manifest covariance and the problem of the operator ordering. It has been concluded that there appear restrictions on the space-time dimension and the mass of the ground states for the Poincare invariance.
those of the light cone action. 3 ) Then, the equivalence of the covariant action and the light cone action was concluded.
In a previous note 10 ) we gave a brief sketch of the canonical formalism of free superstring. In this paper we give a detailed analY$is of the covariant action of free superstring in the canonical formalism. The canonical formulation is necessary not only for the canonical quantization but also for the path integral quantization.
l l )
The study of the algebraic structure of the model convinces us of various facts, the consistency and the integrability of the model, the matching of the number of physical degrees of freedom, the capability of the gauge choice and so on. We apply Dirac's prescriptions of the constrained Hamiltonian dynamics 12 ) and give the complete canonical description of the model.
There. appear primary constraints from the definitions of the momenta. The Hamiltonian is given by the linear combination of the constraints with suitable coefficients, some of which are restricted by the requirement of conservation of constraints. There appears no secondary constraint and the consistency of the model is assured. The constraints are classified into the first and second classes by examining their Poisson brackets. We obtain. two bosonic first class constraints, reflecting the reparametrization invariance of the action as in the case of the geometrical string. As for the fermionic constraints, half of them are the first class constraints which generate the local supersymmetry transformations. The algebra formed by these first class constraints is similar to that of the supergravity.13) The remainning half of the fermionic constraints belong to the second class and the Dirac bracket is defined. Since only the half of the fermionic constraints belong to the second class, all the momenta conjugate to fermionic variables are not eliminated completely. The conventional treatment of the spinors is not allowed in contrast to the Dirac spinor field without supersymmetries. This point was overlooked in Ref. 9 ) and a singular property of fermionic variables was compelled. Though the Dirac bracket we found is well defined, it is not simple enough for the covariant quantization. The light cone gauge can be taken by using the gauge freedom of the local supersymmetry. All the constraints turn out to be the second class constraints and the Dirac bracket is redefined. The independent variables satisfying simple canonical relations with the Dirac bracket are found. They can be identified with the variables used in the light cone action by Green and Schwarz. The quantization is accomplished by replacing the Dirac brackets of the independent variables by the (anti·) commutators. It is very interesting to see how the covariant form of the generators of the super Poincare group is transformed to the one in the light cone gauge discovered by Green and Schwarz.
In §2 we discuss the Euler-Lagrange equations and the boundary conditions. In §3 we find the constraints and the Hamiltonian. The algebraic structure of the constraints is examined in §4. The generators of the global super Poincare transformations are discussed in the covariant form in §5. In §6 we discuss some problems of the covariant quantization in conformal gauge. In §7 we show how the light cone formulation of Green and Schwarz is reproduced from the covariant model. In the last section we give the summary and give an explanation to the puzzle "why the fermionic variables behave as the world sheet spinor in the light cone gauge while they are the scalars in the covariant action ?". § 2.
Lagrangian, Euler equations and boundary conditions
The covariant action for the free superstring given by Green and Schwarz 7 ) is written by Here hA = h+, hA= h-or hA = h-, hA= h+ depending on the chirality of eA. The number of independent components is 2 x 16 and is real in the Majorana representation. The action has manifest Poincare invariance in 10-dimensions and the local reparametrization invariance of the coordinates r and G. Besides these symmetries it has both local and global supersymmetries.
)
We will study the algebra of these symmetries in canonical formalism. As stressed by Green and Schwarz, the invariance of the action under the super transformations requires the identity
It holds for the D=10 Majorana-Weyl spinors <Pi of the same chirality. in place of (2 ,12) . It is consistent if the model is defined, for example, by a normal mode expansion satisfying (2·13) identically. In such case only the sum of two boundary conditions (2, 12) for A=l and A=2 appears and is satisfied by (2·13) if the time derivative
is also guaranteed. 8 1 and 8 2 necessarily have the same chiralities, hI = h2= h. The boundary condition (2, 11) becomes
In the following, we take the conventional boundary conditions (2·13) and (2, 15) , though it may be interesting to keep the boundary condition (2·12). The latter would be more natural from the geometrical viewpoint, though the non-linearily could not be avoided. § 3. Hamiltonian and constraints The momentum ~ A( r, 6) conjugate to 8 A ( r, 6) is defined by the right variation of the Lagrangian with respeCt to (jA(r, 6) oL
Here the variations are defined at equal r, (3'3) Since the Lagrangian is singular,12) the velocities iP.and (jA are not solved in terms of canonical variables but there appear primary constraints, where T. Hori and K. Kamimura
The fermionic constraints FA appeared as in the case of usual spinor field. However, as will be shown they are the mixture of the first and second class constraints and the careful treatment is required. The Dirac Hamiltonian becomes the sum of the primary constraints (3·4) and (3·5) with suitable coefficients,
where 
where we have used the boundary conditions 
The consistency condition (3·17) of the primary constraints restricts the multiplier AA in the following form:
where In this choice of A A the Hamiltonian is rewritten as where
It is shown that fj and T are conserved for any , , 0, "I and AA and neither secondary constraint nor the further condition on the multipliers is required. Thus the consistency of the system described by the Hamiltonian (3·21) with the constraints fj= T=FA=O is assured. § 4. First and second class constraints
There are two classes of constraints. The first class constraints form a closed algebra by themselves and generate the gauge transformations. They appear in the Hamiltonian with arbitrary coefficients. The second class constraints do not form closed algebra and they can be used to eliminate the redundant variables by the modification of Poisson bracket to the Dirac bracket. 12 ) In the pres~nt model, the first class constraints are fi, T and FA, which are defined in (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) and The Poisson brackets among them can be calculated expliCitly. The form of fi and T is quite simple
and satisfy the same algebra as that of N ambu-Goto string 5 ) 
{fi(a), fi(a')}=( T(a)+ T(a'»o'(a-a'), {fi (a), T( a')} = (fi (a)+ fi( a' })o' (a-a'), {T(a), T(a')}=( T(a)+ T(a'»o'(a-a').
(4-2)
It is the consequence of the reparametrization invariance of the action, under which x P and OA are transformed as the scalars. The fermionic first class constraints FA are transformed covariantIy under fi and T,
The remaining Poisson brackets among
where C is the charge conjugation matrix. Equations (4 -3):" (4 -5) verify the closure of the algebra. (4) (5) shows that the Poisson bracket between two local super transformations generates the reparametrization of the world sheet, generated by fi and T. It may be compared with the algebra of supergravities l3 ) where the difference of two successive super transformations becomes the sum of reparametrizations, local Lorentz and the super transformations.
The local super transformation generated by FA is
The change of the Lagrangian under (4 -6) is a total divergence
The equivalence of the transformation to that discussed by Green and Schwarz 8 ).9) is understood if we notice the relation
Here xl! and the parameters XpA of Refs. 8) and 9) are related by
The remainning fermionic constraints, which are independent of FA, are the second class constraints. We choose them as (4·10)
The separation of FA into FA and G A has been performed by using the projection operators P defined by 
Alternatively it is written in the form (4' 18)
The Dirac bracket is so defined that it vanishes, up to the constraints, if either one in the bracket is the· second class constraints, (4'19) and it coincides with the Poisson bracket if either one in the bracket is the first class constraints, 
The conservation of the charge, or equivalently, the invariance of the action depends on the boundary conditions. -i x"(r, o)=X"(r)+~' c an"(r)cosno, n y7[n (6-10) (6) (7) (8) (9) (10) (11) where ~n is the sum over all integers and ~~ is the sum over non-zero integers. The hermiticity requires
a!!.n=(an")t, S_n=(Sn)t, Z_n=(Zn)t,
and the equal r Poisson brackets (3 -10) mean
{X", P,,}=of , {an", am"}= inr;""on+m,o,
(6-12) (6) (7) (8) (9) (10) (11) (12) (13) By the normal mode expansions, the model is defined more definitely without the problem of the boundary conditions. In fact, (6) (7) (8) (9) (10) (11) (12) (13) give the o-function consistent with the boundary conditions, for example, (6) (7) (8) (9) (10) (11) (12) (13) (14) All the constraints are expressed in terms of the expansion coefficients, 
The Dirac bracket of (4· 17) or (4 ·18) is written as
where II is the formal expansion coefficient of Uj2
The covariant quantization may be performed by replacing the Dirac brackets by the (anti-) commutators and imposing the suitable set of first class constraints as the physical state conditions. This, however, is not straightforward since we have the problem of the operator ordering. It is generally difficult to define the operator ordering of the Dirac brackets when they are not c-numbers. The suitable definition of the inverse (6·28) is also required in quantum theory. It is not easy to set up the physical state conditions consistent with the anomalous terms which may appear in the algebra (6·24) and (6·26). A possible way to detour the difficulties is to find a set of canonical variables commuting with Cl. For these variables, the value of Dirac bracket is the same as that of the Poisson bracket. The quantization can be performed using such variables. The method was succeeded in the simple examples l5 ) but have not been succeeded for the present case. § 7. Light cone gauge
The most of the difficulties in the conformal gauge are overcome in the light cone gauge. By setting the light cone gauge fixing conditions, all the redundant variables are eliminated. The quantization is performed and the Hilbert space with positive norm is spanned by independent dynamical variables only.
The light cone gauge condition is a set of constraints
The consistency of the set is assured in the following way. Using the Hamiltonian equation (3·8) for the Hamiltonian (3·21), we obtain the preservation condition of the gauge fixing constraints (7·1) ~ (7· 3 )
The multipliers 1\0, 1\1 and .fp are determined unIquely,
Here we have used I\I(O)=I\I(Jr)=O, which is the consequence from which we have fixed the range of o . .fP=O follows from (3·19) and (7·6)
The gauge functions determined as in (7·7) are the same as (6·1) and (6·3) then the gauge so determined is conformal. The fact that all of 1\0,1\1 and jfA are determined means that all the constraints are now the second class ones. In terms of the variables defined in (6 ·10) and (6·11) the light cone gauge conditions (7·1) ":' (7·3) are
We must take care of the constraint (7·9) since it depends on r explicitly. The convenient way is to perform a canonical transformation by the generating function 
It is important to notice that the Hamiltonian is also shifted by the canonical transformation
In this way we obtain non-zero Hamiltonian in the light cone gauge. Using (7· 9)~ (7·11), the constraints (6·22) and (6·23) are written in the form
where S± and Z± are the decompositions of Sand Z projected by the light cone projection . operators,
For the later convenience, we rescale S-so that (7 ·19) becomes independent of P-(note A:::;;O)
Since it is a canonical transformation, g-conjugate to P-is also shifted
However, this second term will give no contribution when Z is eliminated (see (7·27)). Then all the constraints are arranged as 
As the independent variables we choose the set (7'30) and the other variables are dependent ones defined by (7·24)~(7·27). Then non-zero Dirac brackets appear in
The quantization is performed using the set of variables (7' 30). The Dirac brackets (7'31) are replaced by the (anti-) commutators, (h=l)
The set of variables and the commutation relations (7' 32) are equivalent to those of Green and Schwarz used in constructing the light cone superstring. To see the complete equivalence it is sufficient to compare the generators of the super Poincare transformations. They are obtained by expressing the covariant generators (5·1), (5· 2) and (5·5) in terms of the independent variables. They are
where P+ and (l+l are defined by (7·16) and (7·17) by taking their normal ordered products. There is a little difference of the treatment of Lo = 0 between Ref. 3) and ours. In our case, as a result of (7·9), Lo=O is also second class constraint and is used as the equation defining P+,
3) it is regarded as the mass shell condition. The super Poincare algebra is satisfied without additional constant in (7·39), as has been proved by Green and Schwarz. In this way we have shown that the covariant superstring model quantized in the light cone gauge is equivalent to the light cone superstring by Green and Schwarz. § 8. Summary
In this paper we formulated the covariant superstring theory using the constrained Hamiltonian formalism developed by Dirac. There appear both bosonic and fermionic constraints. They can be separated covariantly into the first class constraints (S·l) and the second class constraints
The former are the generators of the reparametrization of the world sheet and the local super transformations. They form a closed algebra, generalizing the Virasolo algebra of the N ambu-Goto string. The latter is a set of fermionic constraints, It does not have enough contents to eliminate the momenta SA conjugate to ()A completely. The half degrees of SA are indispensable for the covariant canonical description. The Dirac bracket is formally defined as in (4 -17) There appear denominators in the definition but they are non-zero quantities_ It is the consequence of the proper classification of the constraints and is contrasted with the treatment .of Ref. 9) , where the singular factors (H ± T)-I appeared and the singular treatment of e A was required. The form of the Dirac bracket (8-3) , however, is not simple enough and the Dirac bracket of the canonical variables are not c-numbers. For the covariant quantization we must find a set of variables whose Dirac brackets take simple forms. It has not been accomplished at present and is left for future investigation.
In the recent paper, Bengtsson and Cederwall!7l discussed the system using the same formalism. They also pointed out the division by (H ± T) is not acceptable.
Furthermore, they stressed the incapability of the covariant separation of the fermionic constraints into the first and the second class constraints because the FA's are already in the smallest (16-dimensionaI) spinor representation of SO (1, 9) . We could succeed the covariant separation by using the projection operators PA given in (4) (5) (6) (7) (8) (9) (10) (11) A ( r, 0) behaves as the world sheet spin or in the light cone gauge, while it is a world sheet scalar in the covariant formulation. The change of the transformation property of the variables is understood by using the so-called stared variable. IS) It is defined generally for the second class constraints rpj as It is shown that the replacement of the Poisson bracket by the Dirac bracket is equivalent to the replacement of A by A *. The Dirac bracket of A * is so defined that they are consistent with the constraints, {A*, rpj}={A, rpj}*=O. N ow we are interested in the variable which is the variable for the light cone action. 3 ), 8) The crucial constraint concerning this puzzle is (7-27) and S*A(O) is defined following (8- 
